The elastic potential of an incompressible body retaining isotropicity in the strain state under finite strains 
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The determining equations for a rubber compound under finite strains (elastic potential) are more often than not written in the form of the dependence of the strain energy density U on the strain invariants I 1 , I 2 , and I 3 [1] :
The current level of development of polymer physics does not make it possible to obtain determining equations from first principles with account taken of the actual chemical structure of the rubber compound. Existing model representations are inadequately detailed for the potentials of actual vulcanisates to be constructed on their basis. Practically all known potentials are empirical. Each of them has been proposed for description of the behaviour of materials of a certain class. The constants are selected, as a rule, using the least squares method on the basis of comparison with experiment conducted under conditions of uniaxial tension-compression or simple shear. In a number of cases, compression is replaced with biaxial homogeneous tension. An arbitrary complex stress-strain state (SSS) is rarely used because of difficulties with its practical realisation. Phenomenological theories constructed solely on the principles of deformable solid mechanics are extremely few. They include primarily the classical work of Rivlin [2] and Mooney [3] . Rivlin suggested that the main relation of elasticity theory for small strains be used also for finite strains, but that the expressions for hydrostatic pressure and strain tensor be altered. This led to an equation in the form of a series, the first term of which is written in the form:
Mooney constructed his theory using assumptions concerning the linearity of the dependence of nominal stress on simple shear strain. On this basis, the following equation is obtained: (4) It should be noted that expression (3) was obtained both phenomenologically [2] and on the basis of the molecular theory of James and Guth [4] . We are unaware of any other potential obtained from molecular theory or phenomenologically.
In this study, a phenomenological theory is proposed that makes it possible to construct the potential obtained by Khazanovich [5] on the basis of molecular considerations. In Khazanovich's network theory it is assumed that the action of external forces is transferred via direct interaction of chains, and not nodes, as in classical theory [4] . Here, the mechanical field orienting the segments is proportional to the true stress. From these assumptions, an expression is obtained for strain energy density in the form:
The phenomenological theory proposed in this work is based on the assumption that the rubber compound retains isotropicity when deformed.
Strictly speaking, in the process of uniaxial tension, the rubber compound becomes an anisotropic material, which can be seen, in particular, in the dependence of birefringence on applied stress (Brewster's law), which is observed for transparent rubber specimens. It is also evident that anisotropy arises during elongation not suddenly but smoothly, and to different degrees for different properties. In this context it can be assumed that, with small but finite strains, anisotropy is insignificant. Mathematically this means that the law of deformation along one of the principal axes should not depend on the magnitude of strain along the other axes, and all consequences of symmetry of the isotropic state are extended to the strain state (the smaller the strains to which the material is subjected, the more accurate this assertion becomes). The magnitudes of strain up to which this assertion remains correct is a question that may be answered at present only by experiment. As confirmation of this assumption it is possible to cite Priss and Petrova [6] , who showed that anisotropy of the elastic properties of an unfilled amorphous vulcanisate crosslinked in the strain state appears not straight away but at a certain finite strain (~30-40%).
The given reasoning can be used to validate the extension of the concept of isotropicity to the strain state. We will use these considerations in the proposed theory.
It is known that any complex SSS can be obtained by superimposing two simple strains along different principal axes. Let us examine the process of successive deformation of a single cubic specimen along the X-axis by factor l 1 and along the Y-axis by factor l 2 ( Figure 1) . After deformation along the X-axis, we record the nominal (related to the initial cross-section) stress that arises in this case, s 1 (l 1 ). Note that stress s 1 is equal to the load f 1 applied along the X-axis, as the area of the Y-Z face is equal to unity. The dimensions of the specimen in this case will be as follows: (6) To a specimen extended along the X-axis we apply the load: along the Y-axis. Here, l 2 is the degree of elongation of the dimension that was formed after extension of the specimen along the X-axis, i.e. the magnitude 1/√l 1 , and s 2 (l) is the nominal stress related to the state of the specimen that was formed after application of load f 1 along the X-axis. It is evident that in this case the dimension of the specimen will increase along the Y-axis and decrease along the X-and Z-axes. From the adopted hypothesis concerning isotropicity of the material in the strain state it follows that the fold contraction of the specimen along the X-and Z-axes will be identical.
As a result, the dimensions of the deformed specimen l x , l y , l z and the degrees of uniaxial tension l 1 , l 2 will be related as follows: (7) From relations (7) it is easy to obtain the inverse relationships:
We will show that from relations (7) and (8) there follows the identity of the functions s 1 (l) and s 2 (l)·√l 1 .
From relations (7) it follows that, when l 1 = l 2 , the relation l y = l x is fulfilled. This last equality can be fulfilled only when the loads f 1 and f 2 acting along the X-and Y-axes are equal to each other, or, which is the same thing, when s 1 (l 1 )≡s 2 (l 2 )√l 1 . In fact, for the case of the elastic deformation of an isotropic body in the form of a cube, equal applied loads along two perpendicular axes will cause equal strains along these axes. This reasoning is correct for any values l 1 = l 2 , from which there follows the identity: 
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The expression for the strain energy density U 0 as a function of the degree of uniaxial elongation l is derived from the following obvious considerations: (10) where I 0 is the initial dimension of the tested specimen along the axis of the applied load, and V 0 is the volume of the specimen in the undeformed state.
We will write an expression for the energy of deformation of a specimen U 1 during its uniaxial elongation along the X-axis by magnitude l 1 :
Using equations (9) and (10), we will write an expression for the deformation energy of a specimen U 2 along the Y-axis by magnitude l 2 : (12) When extended along the Y-axis, the specimen contracted along the X-axis and completed work U 3 (see Figure 1 ):
The energy stored by the specimen as a result of deformation along the two axes is defined by the relation:
Using equations (9) to (13), we have:
We emphasise that s(l) is the law of uniaxial deformation from the initial state (nominal stress).
We will change the sequence of deformation, i.e. to begin with we will extend the specimen uniaxially along the X-axis by factor l 2 , and then uniaxially along the Y-axis by factor l 1 . By analogy with the previous discussion, the expression for the energy of deformation in this case will take the form:
It is obvious that U = U*, as the states in these two cases, determined by the finite dimensions of the specimen, are identical.
We will carry out simple transformations:
(17)
we will obtain from (17) the linear differential equation: (18) which has the strict solution:
(19) Differentiating equation (19) successively twice, we will obtain expressions for stress s and modulus E:
Substituting equation (20) into equation (15), we will obtain an expression for the strain energy density in an arbitrary homogeneous SSS:
Using relations (7), we will obtain: (23) Equation (23) was obtained strictly using only the concept of isotropicity extended to the strain state. It obviously satisfies the requirement of invariance. The unambiguity of the solution indicates that none of the other potentials satisfies the requirement of isotropicity of deformation that has been formulated above. Expression (23) matches equation (5) . Table 1 gives experimental biaxial extension data obtained by Treloar [7] and data calculated using formulae following on from expression (23). f 1 and f 2 are the masses of the loads (in g) creating tensions along the two axes. The value of constant C in equation (15) was determined by the least squares method. It is clear that, in the region of small strains, the agreement between theory and experiment is practically ideal. Certain deviations are observed with strains approaching 50%.
In conclusion, it should be emphasised that, in the applied sense, in calculations of mechanical rubber goods and tyres, the behaviour of material under large strains is not very interesting, but an extremely important role is played by the correct description of the SSS in the range l = 1.0-1.5. In this region, the idea of the retention of isotropicity, which is the basis of all that has been set out above, yields the same results as Khazanovich's theory. The good agreement with the experiment confirms the correctness of the initial premises both in Khazanovich's network theory and in the theory based on isotropicity in the strain state.
